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Peano Natural Number

data N : Set where

zero : N
suc : N -» N

0 =Zero
1= SUC Zero

2 = suc (suc zero)

3= suc (suc (suc zero))
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Some Operations on Natural Numbers

: N> N - N

suc m + n suc (m + n)

_ ¢+ N> N - N

Zero x n = zero
sucmx*xn=n4+ (m % n)

pred : N - N
pred 0 = 0
pred (suc n) = n
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Two Simple Theorems about Addition

zero = refl
(suc x) rewrite +0 x = refl
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Associativity and Working with Holes

ik 0 4E A 4E
+assoc : V(xy z :N)->x+(y+2z)=(Xx+y)+ 2z

+aSS0C zero y z refl
+assoc (suc x) y z rewrite +assoc x y z = refl

4o 47 38 3 “hole” sk X 2 X 3o I & A L 694 RR

g1 d@? 5] Ahole

+aSS0C Zero y z = ?

Ctrl+c Ctrl+l

+assoc zeroy z = 1! 0!}
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Associativity and Working with Holes

ik 0 4E A 4E
+assoc : V(xy z :N)->x+(y+2z)=(Xx+y)+ 2z

+aSS0C zero y z refl
+assoc (suc x) y z rewrite +assoc x y z = refl

4o 47 38 3 “hole” sk X 2 X 3o I & A L 694 RR

W B 2: Ctrl+c Ctrl+, YLEE AL & d9goalF= context

+assoc zeroy z = {! 0!}

Goal:y+z = y+z
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Associativity and Working with Holes

ik 0 4E A 4E
+assoc : V(xy z :N)->x+(y+2z)=(Xx+y)+ 2z

+aSS0C zero y z refl
+assoc (suc x) y z rewrite +assoc x y z = refl

4o 47 38 3 “hole” sk X 2 X 3o I & A L 694 RR

VB3 N R T, Ctrl+c Ctrl+rit 47465 (A BT B sh4f -5 M 2 7 %)

+assoc zeroy z = {! 0!}

+assoc zero y z = refl

Exercise: Prove the second case for +assoc.
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Commutativity of Addition and Helper Lemmas

+comm:V (Xy:N)—=>XxX+y=y+X
+comm zeroy =7
+comm (sucx)y =7

Load file (Ctrl+c Ctrl+l)

+comm:V (Xy:N)—=>Xx+y=y+X
+comm zeroy =1 }o
+comm (sucx)y={ 11

?0:zero+y =y + zero
?71:SUCX+Y =Y +SUCX

Y ; w
NEAZES.
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Commutativity of Addition and Helper Lemmas

+comm:V (Xy:N)—=>X+y=y+X
+comm zeroy ={ }0

S, 2hole (Ctrl+c Ctrl+,)

Goal: y =y+o

A s,

+comm:V (Xy:N)—=>Xx+y=y+X
+comm zero y rewrite +o y = refl
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Commutativity of Addition and Helper Lemmas

+comm:V (Xy:N)—=>XxX+y=y+X
+comm zero y rewrite +o y = refl
+comm (sucx)y =1 }o

M, hole (Ctrl+c Ctrl+,)

Goal: suc (x +y) =y + suc x

FAVT AF| A A ARBE R x+y =y +x kT E Edéjgoal
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Commutativity of Addition and Helper Lemmas

+comm:V (Xy:N)—=>XxX+y=y+X
+comm zero y rewrite +o y = refl
+comm (suc X) y rewrite +commxy ={ }0

M, hole (Ctrl+c Ctrl+,)

Goal: suc (y + X) =y + suc x

JEBA AR B 5| 2. suc(y+X) =y +Sucx?

+suC:V (Xy:N) — x+ (sucy) =suc(x+y)
+suc zero y = refl
+sucC (suc x) y rewrite +suc x y = refl
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Commutativity of Addition and Helper Lemmas

+comm:V (Xy:N)—=>Xx+y=y+X
+comm zero y rewrite +o y = refl
+comm (suc X) y rewrite +commxy ={ {0

1 8 40 8 5| 2

+comm:V (Xy:N)—=>Xx+y=y+X
+comm zero y rewrite +o y = refl
+comm (suc X) y rewrite +sucy x | +comm x y = refl
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Distributivity of Multiplication and
Choosing the Induction Variable

*distribr: V(xyz:N) > (x+y)*z=x*z+y*z
*distribrxyz=1{ }o

1% )3 T & Ctrl+c Ctrl+c

*distribr: V(xyz:N) > (x+y)*z=x*z+y*z
*distribr zeroyz={ }o
*distribr (sucx)yz={ }a

. N ez

PEKING UNIVERSITY




Distributivity of Multiplication and
Choosing the Induction Variable

*distribr: V(xyz:N) > (x+y)*z=x*z+y*z
*distribr zeroyz={ }o
*distribr (sucx)yz={ }1

%2 T = Cerl+c Ctrl+,

y*z=y*z

Ctrl+c Ctrl+r

*distribr: V(xyz:N) > (x+y)*z=x*z+y*z
*distribr zero y z = refl
*distribr (sucx)yz={ }a
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Distributivity of Multiplication and
Choosing the Induction Variable

*distribr: V(xyz:N) > (x+y)*z=x*z+y*z
*distribr zero y z = refl
*distribr (sucx)yz =1 }o

M, K goalFrcontext Ctrl+c Ctrl+,

Z+(X+y)*z=z+x*z+y*z

Bp: z+((x+y)*z)=(z+x*2)+y*z

*distribr: V(xyz:N) > (x+y)*z=x*z+y*z
*distribr zero y z = refl
*distribr (suc x) y z rewrite *distribr xy z = +assoc z (x * z) (y * z)

. N des S
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Arithmetic Comparison

=X<y

=N : N-N - B

0 =N 0 = tt
suc x =N suc y = x =N vy
_ =N _ = ff

>N - B
= (x <y) || x=Ny

N
<

N

16
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Arithmetic Comparison
B R HRT A Fo

1 1

<-trans
<-trans
<-trans
<-trans
<-trans
<-trans

LA

: V{xyz: =
{x} {0} pl p2 rewrite <-0 x = B-contra pl

N} - X <y

{0} {suc y} {0} p1 ()

{0} {suc y} {suc z} pl p2 = refl
{suc x} {suc y} {0} p1 ()

{suc x} {suc y} {suc z} pl p2 = <-trans {x} {y} {z} pl p2

B-contra :

ff

tt - V{¢} {P :

tt -y <z

Set ¢} - P

tt - X < z = tt

N L7t Y
? B L7\ 5
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Dotted Variables

18

<-trans:V {xyz:N}—

<-transpqg=1{}o0

X<y=ttoy<z=ttox<z=tt

M, #XgoalFzcontext Ctrl+c Ctrl+,

Goal: x<.z=1tt
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Dotted Variables

<-trans:V {xyz:N}—
X<y=ttoy<z=ttox<z=tt
<-transi{x}{y}{zipqg=1{ }o

M, K goalFrcontext Ctrl+c Ctrl+,

Goal: x<z=tt

p:X<y=tt

q:y<z=tt
z:N

y:N

X : N

19 :: Jt‘ﬁJ’
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An Equality Test

A function f of type A — A — B is defined to be an equality test
when f x y returns tt if and only if x =y is provable.

e ATIE R _=N_ & — N8 X

N - N - B

0 =N 0 = tt

suc x =N suc y = x =N vy
_ =N _ = ff

20
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An Equality Test

A function f of type A — A — B is defined to be an equality test
when f x y returns tt if and only if x =y is provable.

=N-to-
=N-to-
=N-to-
=N-to-

: VAxy : N} > x=Ny=tt->xz=y
{0} {0} u = refl

{suc x} {0} ()

{0} {suc y} ()

=N-to-= {suc x} {suc y} u rewrite =N-to-= {x} {y} u = refl

=N-from-= : V{xy : N} - x=y->x=Ny
=N-from-= {x} refl = =N-refl x

=N-refl : V (x : N) - (x =N x) = tt
=N-refl 0 = refl
=N-refl (suc x) = =N-refl x

21
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Mutually Recursive Detinitions

8 I3 )3 6 3 H R S
is—-even : N - B
is-odd : N - B
is—even 0 = tt

is—even (suc x) = is—-odd x
is-odd 0 = ff
is—odd (suc x) = is-even Xx

8 B 3% )3 69 4iE BH

even~odd : : N) - is—-even X = ~ is-odd X
odd~even : : N) - is-odd x = ~ is—-even X
even~odd refl

even~odd = odd~even x

odd~even refl

odd~even = even~odd x

22
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Homework

18.1. JERR _*_ i R R M e 2k 54
ViXy:N} ->x*y=y*x
Vixyz:N} —-x*(y*¥z)=(x*y)*z

18.2. 4EBH T g &9 o

ff

= tt -y <X

[l n=Nm ||

23
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