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5 5 32 45 (Theory of Lists)

e BMF (Bird Meertens Formalism)

A set of combinators A set of rules/laws
(higher order functions on Lists) (properties)

@

Calculational Functional Programming
(Constructive Functional Programming)

£ %#F: Richard Bird, Lecture Notes on Constructive Functional
Programming, Technical Monograph PRG-69, Oxford UnlverS|ty, 1988.
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open import Data.Nat.Base as N
using (N; zero; suc; _+_;

open import Data.Nat.Properties
using (*-assoc)

open import Data.Bool.Base as Bool
using (Bool; false; true; not; _A_; _v_; if_then_else_)

import Relation.Binary.PropositionalEquality as Eq

open Eq using (_=_; refl; trans; sym; cong; cong-app; subst)
open Eq.=-Reasoning using (begin_; _=()_; step—=; _m)
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postulate

extensionality : : Set} {f g : A - B}

7% Jei ¥
: ' S
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o—identity-1 : V {AB : Set} (f : A->B) » id o f = f
o—identity-1 {A} f = extensionality lem
where
lem : V (x : A) » (id o f) x = f x

lem x = begin
(id o f) x
=()
id (f x)

: f,: g )
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o—identity-r :

o—identity-r
where

£ BB AR ) A AL T

V{AB : Set} (f : A - B) - f o id

{A} f = extensionality lem

lem : V (x = A) » (f o id) x = f x

lem x =

begin
(f o id) x

=()
f (id x)

f x

| ._'
| )
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o—assoc : V{ABCD : Set} (f: A-B) (g: B->2C) (h:

+ho(gof)=1(hog)of
o—assoc {A} f g h = extensionality lem
where
lem : ¥V (x : A) » (h o (g o f)) x
lem x = begin
(h o (g o f)) x
=()
h ((g o f) x)
()
h (g (f x))

((h o g) o f) x

((h o g) o f) x

C - D)
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o—assocC'

o—assoc' {B} g h = extensionality lem
where
lem : V {A : Set} (f : A > B) » ((h o_ _ ((h o g) o) f
lem f = begin
((h o_) o (go_)) f
=()
(h o_) (g o f)
=()
h o (g o f)
=( o—assoc f g h )
(h o g) of
=()
((h o g) o) f
[]

8 f; atx.Jw
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)% 7| List

data List (A : Set)
[l : List A
A - List A -» List A

infixr 5 .

9 oy Jes )
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[

—
=

[

[

-

v {A :

ys
yS

Set} -» List A -» List A -» List A

— ys
X 1 (Xs ++ ys)

++ 3 :: 4

| ._'
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suc (# xs)

55 B3 % 4K

reverse : V {A : Set} -» List A -» List A
reverse [] = |[]
reverse (x :: xs) = reverse xs ++ (x :: [])

. Y e Y
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g—++ : V¥V {A : Set} (xs ys : List A)
- # (XS ++ yS) = 4 XS + # ys
s—++ {A} [] ys =
begin
# ([1 ++ ys)

8 {A} [] + ¢
|

f—++ (X :: xs) ys =
begin
# ((x :: xs) ++ ys)

suc (# (xs ++ ys))
( cong suc (#—++ xs ys) )
suc (# xs + # ys)

8 (x :: xs) + # ys

12
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: Set} - (A - B) - List A - List B

: map f Xxs

map—compose : V {A B C : Set} - (f: A-B) - (g : B~ C)
- map g o map f = map (g o f)

map—compose f g = extensionality (map-compose-p f g)

13

o 5792
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map—-compose-p : V {AB C : Set} (f : A-B) (g : B> C) (x : List A) -
(map g e map f) x = map (g o f) x
map-compose-p f g []
begin
(map g o map f) []

map g []
=()
[]

map (g o f) []

14 :; atx‘Jr
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map-compose-p f g (x :: xs) =
begin
(map g o map f) (x :: xs
2 XS))
:: map f xs)
g (f x) :: map g (map f xs)
( cong (g (f x) ::_) (map-compose-p f g xs) )
g (f x) ::map (g o f) xs

::map (g o f) xs

map (g o f) (x :: xs)

f,: g )
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= W& 4. foldr, foldl

: Set} - (A- B -B) - B - List A - B
e
2 Xs) = x ® foldr _® e xs

: Set} - (B- A-B) - B - List A - B
= e
2 Xs) = foldl e (e ® x) xs

16
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scanr :
scanr
scanr

| vy ::
| [

v {A B :
@ e []
® e (x ::

ys =
] =

vV {A B :

@ e []

® e (x::

LA

scant, scanl

= e :: []
Xs) with scanr _®_ e Xs
X ®y: (y:ys)
[]

= e :: []
xs) = e :: scanl _®_ (e ® x) xs

| ._'
| )
5
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Set} - (B - A->B) - B - List A -
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Monoid 4X 2% Z5 4

oid {A : Set} (® : A-> A - A) (e : A) : Set where
assoc : V(xyz:A) - (xey)ez=xeo (yeo z)
identity' : V (x : A) » e ® X = X
identityr : V (x : A) » x ® e = Xx

open IsMonoid

++-monoid : V {A : Set} - IsMonoid {List A} _++_ []
++-monoid =

{ assoc = ++—-assoc

; identity! = ++-identity!

; identityr = ++-identityr

}

- : ch,&E ati*g
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Monoid 4X 2% Z5 4

infix 5 _1t_

=T _ N - N
Z€ro t n =N
Suc n t Zero suc n

sucC n t suc m suc (n * m)

postulate
t-assoc : YV (mnp:N)->(mtn)tp
t—identity-1 : V (n : N) » zero » n =
t—identity-r : V (n : N) - n ¢ zero

n—mpnoid : IsMonoid
t—monoid =
record

{ assoc = t-assoc
; identity! = t-identity-1
; ldentity" = t-identity-r

}
19
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Maximum Segment Sum #9 |7] £ 1%

20

init
init

S
S

tails
tails = scanr _++_ [] o map ([-]_)

segs

V {A : Set} - List A - List (List A)
= scanl _++_ [] o map ([-1_)

V {A : Set} -» List A -» List (List A)

V {A : Set} -» List A -» List (List A)

segs = foldr _++_ [] o map tails o inits

sum
sum

maXx
max

List N » N

foldr _+_zero

List N » N

foldr _t_ zero

List N - N

max o map sum o Segs

Y

dei )
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foldr-monoid : Set} (& : A-> A - A) (e : A)

- IsMonoid _e&_

: List A) (y : A) » foldr _¢_ y xs = foldr _®_ e xs ® y

SN »
2 oy Jes )2

PEKING UNIVERSITY




J5 7| B B 69 P i 1 BR A7) 1

foldr-monoid _® e ®-monoid []| y =
begin
foldr _®_ vy []

( sym (identity! ®-monoid y) )
(e ® y)

foldr _ @ e [] ® vy

INTD
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foldr-monoid _® e ®-monoid (x :: xs) y =
begin
foldr _®_y (x :: xs)
=()
x ® (foldr _®_ y xs)
=( cong (x &_) (foldr-monoid _®_ e ®-monoid xs y) )

X ® (foldr _®_ e xs ® y)
=( sym (assoc ®-monoid x (foldr _e_ e xs) y) )
(x ® foldr _®_ e xs) @ vy

foldr _®_ e (x :: xs) ® y

:’; g )
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postulate
foldr—++ : V {A : Set} (_e_ : A> A-A) (e : A) (xs ys : List A) -
foldr _®_ e (xs ++ ys) = foldr _e_ (foldr _®_ e ys) xs

foldr-monoid—++ : V {A : Set} (® : A- A - A) (e : A) » IsMonoid ®_ e -
V (xs ys : List A) -» foldr _®_ e (xs ++ ys) = foldr _®_ e xs @ foldr _e_ e ys
foldr-monoid-++ _®_ e monoid-® Xxs ys =
begin
foldr _e_ e (xs ++ ys)
=( foldr—-++ _®_ e xs ys )
foldr _e_ (foldr _®_ e ys) xs
=( foldr-monoid _®_ e monoid-® xs (foldr _®_ e ys) )
foldr _®_ e xs ® foldr _®_ e ys

24
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Hom: Map/Reduce

reduce : V{A : Set} - (_e&_

-» IsMonolid _e&
reduce o e _ []
reduce _® e p (x =z XS)

hom : V{A B : Set} (& :
(p : IsMonoid _e_

- List A —> B

hom e e p f = reduce _o_

25

: A-> A - A) - (e :
e » List A —> A

X ® reduce

B-B - B)
e) - (A - B)

e p o map f

A)

_®_ e p XS

o 5792
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Promotion L.aws

map—promotion :
V{A B : Set} (f : )
- map f o flatten = flatten o map (map f)

reduce-promotion :
V{A : Set} (& : A-> A - A) (e : A)
(p : IsMonoid _e® e)
-» reduce _® e p o flatten
= reduce _® e p o map (reduce o e p)

flatten : V{A : Set} - List (List A) - List A
flatten = foldr _++_ []

26
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Hom-Hom Fusion

hom—hom : V{A B C : Set} (_e
(p : IsMonoid _® e)(g :

- hom @ e p f o hom _++_
= hom _e_ e p (hom _e_

D/ x4+ /- gx
= { map promotion }
&/ +H /- Fxrx-gx
= { reduce promotion }
B/ (B)) *-Fxx- gk
= { map distribution }
B/ - (®/ - Fx-g)x

reduce_® e

mapf=f>|<_

o/
ey ez i
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Accumulation LLemma

acc-lemma : V{A : Set} (& : A-> A - A) (e : A)

- scanl _® e = map (foldl _e_ e) o inits

O(n) O(n?)

(Dre) = (D+Fre) * -inits

28
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Honot’s Rule

R-Dist : V{A :
R-Dist {A} & o
- (ae®b) ® C

horner-rule : V{A : Set} ( & :
(e + A-> A-A)

- (p : IsMonoid _e_
- (g : IsMonoid _®_
- (rdist : R-Dist o _

> reduce _®_ e-o p o map (reduce _®_ e-® q) o tails
= foldl (Aa b - (a®b) @ e-® ) e-®

B/ R/ * -tails = © e
where
e:id®
aOb=(a®b)de

L

N Jei A2
o 5792
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mss
= { definition of mss }
T /-4/ % -segs
= { definition of segs }
T/ -4/ %4+ /- tails x -inits
— { map and reduce promotion }
/(1 /- +/ * -tails) x -inits
— { Horner's rule with a®© b= (a+b) 10 }
T /- ® o * -inits
— { accumulation lemma }

T/ Ofo
e

PEKING UNIVERSITY




# i

23-1 3R _++_ith R 5S4, m BL[1& €8 24T,
++-ass0C : V {A : Set} (xsys zs: List A)

— (XS ++YS) ++ 2S5 = XS ++ (YS ++ 25)
++-identity!: V {A : Set} (xs: List A) — [] ++ Xs = Xs

++-identity’: V {A: Set} (xs : List A) — xs ++ [] = xs
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foldr-++:V{A:Set} (®_:A—A—A)(e:A)(xsys:ListA)—
foldr _®_ e (xs ++ ys) = foldr _Q_ (foldr _Q_ e ys) xs

23-3. 1L B reverse o reverse = id, B ¥ reverse &) & X
3 T,

reverse : V {A: Set} — List A— List A
reverse [] =[]

reverse (X :: Xs) = reverse xs ++ (X :: [])

% oy deg XS
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23-4. #) Fagda 52 ZLmss &9 2 5 5
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